ABSTRACT: The purpose of this paper is to give inequalities related to matrix versions of the classical Pólya inequality for scalars and discuss the relations between our results and some existing matrix inequalities.
INTRODUCTION
Throughout this paper, M n denotes the space of n × n complex matrices and H n denotes the set of all Hermitian matrices in M n . For A, B ∈ H n , the order relation A B means, as usual, that A−B is positive semidefinite. If A, B ∈ M n are positive definite and 0 t 1, the t-weighted geometric mean of A and B, denoted by A# t B, is defined as
When t = 1 2 , this is the geometric mean, denoted by A#B. A norm · on M n is called unitarily invariant if U AV = A for all A ∈ M n and for all unitary matrices U, V ∈ M n . Throughout, · denotes an arbitrary unitarily invariant norm on M n . For A = [a ij ] ∈ M n , the Hilbert-Schmidt norm is defined by
It is known that the Hilbert-Schmidt norm is unitarily invariant. A, B, X ∈ M n such that A and B are positive semidefinite. Twenty years ago, Bhatia and Kittaneh 1, 2 formulated some matrix versions of the arithmetic-geometric mean inequality, one of which is
After that, a lot of interesting inequalities for matrices resulted from some classical inequalities for scalars [3] [4] [5] [6] .
Hiai and Kosaki 7 obtained the following inequality:
Meanwhile, these authors also presented a strengthening of the second inequality in (2):
The inequality (2) is a refinement of the inequality (1). It is also a matrix version of the following inequality:
Obviously, it is a generalization of the inequality (3). The classical Pólya inequality 9 says that if a, b 0, then
In this paper, we present some matrix versions of the classical Pólya inequality and discuss the relationship between our results and some existing inequalities which are introduced above.
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MAIN RESULTS
In this section, we shall present some matrix inequalities of the Pólya type and show some related matrix inequalities.
Theorem 1 Let A, B ∈ M n be positive definite. Then
Proof : For a positive definite matrix T , it follows by the spectral theorem that there exists a unitary matrix U ∈ M n such that T = U DU * , where
.
Premultiplying the above inequality by U and postmultiplying by U * gives
Putting T = A −1/2 BA −1/2 in this last inequality, we obtain
Then, we have
That is,
This completes the proof.
Corollary 1 Let A, B ∈ M n be positive definite. If
This inequality is related to the inequality (4).
Remark 1 By the same method used in the proof of the inequality (6) and the following inequality
for positive definite matrices A, B ∈ M n , we have
It follows from (6) and (7) that
which further implies
This inequality means that if
Remark 2 By the same method used in the proof of the inequality (6) and the following inequality
This inequality implies
Theorem 2 If A, B, X ∈ M n such that A and B are positive semidefinite, then
Proof : Since A and B are positive semidefinite, it follows by the spectral theorem that there exist unitary matrices U, V ∈ M n such that A = U Λ 1 U * and B = V Λ 2 V * , where
Similarly, we have
By the Pólya inequality for scalars, we have 
Remark 3
The Pólya matrix inequality (8) is sharper than the inequality (3) for the Hilbert-Schmidt norm.
In fact, in a manner similar to the steps used to obtain (9), we have
Hence
Remark 4 An inequality weaker than (8) is
This is also a matrix version of the classical Pólya inequality and it is a refinement of the second inequality in (2) for the Hilbert-Schmidt norm. In view of the inequalities (3) and (10), we want to know the relationship between them for the Hilbert-Schmidt norm. It should be noticed that neither (3) nor (10) Corollary 2 Let A, B, X ∈ M n such that A and B are positive semidefinite. If
Proof : Let
where 0 x 1. Next, we prove that if 0
. In a manner similar to the steps used to obtain (9), we have f (x 1 ) = (1 − x 1 ) A 1/2 XB 1/2 + x 1 AX + XB 2 (1 − x 2 ) λ i µ j + x 2 λ i + µ j 2 2 |y ij | 2 .
By a small calculation, we have f (x 2 ) − f (x 1 ) equal to
which is 0. The inequality (8) then shows that (11) is true for 1 3 α 1. This completes the proof. Obviously, the inequality (11) is a generalization of the inequality (4) for the Hilbert-Schmidt norm.
